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1I n t r o d u c t i o n
Cole and Stockman (1992) develop a diﬀerentiated product model with endogenous specialization
and money, and contrast its results with the usual cash-in-advance models’ results, where special-
ization is exogenous. In their derivation of the ﬁrst order conditions, they overlook a necessary
discontinuity on the consumption proﬁle and, consequently, get non-accurate results. In this note
we redo their derivation and show where their results fail. In particular, the equation determining
the degree of specialization (equation 24, page 290) misses several important terms. Their equation
is only accurate in the limit case of zero interest rate (and full specialization), which is the only
case where the consumption proﬁle is not discontinuous.
The reason why we found the problem just mentioned is that one proposition, reported in
Pessôa (2003), that we believe is quite general, was not valid for Cole and Stockman’s model. We
therefore show that the proposition is indeed valid once one uses the corrected version of Cole
and Stockman’s equations. The proposition is that the welfare cost of inﬂation is given by the
area below the compensated money demand function (that is, it is a formalization of Bailey’s
rule). In addition, we also show that any distortion that locally increase the money demand is
welfare improving, regardless of any other eﬀect it may cause. A straighfoward consequence of this
result, once we consider the extension of their model with the inclusion of an alternate transaction
technology (ATT), is a necessary and suﬃcient condition for overbanking in their model. That is,
there is too much ATT (or too much banking) from a welfare perspective if and only if a tax on
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1ATT increase the money demand. Given that such a tax necessarily decreases ATT demand, one
can expect the overbanking result.
2T h e P r o b l e m
Cole and Stockman’s model is as follows. There is a continuum of agents and a continuum of
goods. One individual can either produce any given good, or buy it from someone else using
money. Hence the cash-in-advance restriction only applies to a subset of the goods, the ones the
individual purchases. Given the assumption of gains to specialization, inﬂation reduces eﬃciency
as it induces individuals not to fully specialize (they would rather produce some of the goods to
avoid the opportunity cost of having to hold money to buy those goods).
Formally, for a given individual, Ct(i)=ct(i)+c∗
t(i) is his consumption on good i ∈ [0,1] at
time t,w h e r ect(i) represents the consumption of a home produced good i and c∗
t(i) represents the
consumption of a purchased good i.A l s o , Lt(i) represents his labor eﬀo r tt op r o d u c eg o o di at










where U(·) is strictly concave and satisﬁes Inada conditions, and h(·) is strictly convex. All indi-





that is, it is the range of goods produced by the individual. Gains to specialization are captured
by having the output of one’s labor eﬀort given by
yt(i)=f(αt)Lt(i)
with f(·) decreasing and concave.
The individual maximizes (1) subject to the following constraints




t(i)di ≤ Mt (4)
(Bt − (1 + Rt+1)Bt−1 + Mt − (Mt−1 + τt))/pt ≤
Z 1
0
(yt(i) − Ct(i))di, (5)
2where pt(i) is the price of good i at time t, Mt and Bt are the individual money and bond holdings
at time t, Rt i st h ei n t e r e s tr a t ea tt i m et and τt is a transfer of money that the individual receives
at the beginning of the period (τt equals Mt − Mt−1, and the money supply Mt is assumed to
follow an exogenous stochastic process). Constraint (3) is self-explanatory, constraint (4) is the
cash-in-advance restriction, and (5) is the budget constraint (symmetry ensures that pt(i)=pt for
all i ∈ [0,1]).




[ct,0,c t] for i ∈ [0,αt]
[0,c ∗
t,c ∗
t] for i ∈ (αt,1),
(6)
i.e., that goods indexed by i ∈ [0,αt] are self-produced and the remaining are purchased (cash)
goods. It follows that the consumption proﬁle c(i) is discontinuous at i = αt. Hence, the optimiza-
tion problem above is not entirely standard. Denoting the multipliers associated with (3)-(5) by













































from which we get that the ﬁrst order condition for the choice of αt is given by












































1They assume that Lt(i)=Lt and get rid of the second integral on (1).
3The other ﬁrst order conditions are the ones reported in Cole and Stockman. In particular, we can
use
Γt = U0(ct) and Γt(1 + Rt)=U0(c∗
t), (9)





θt(i)f0(αt)Ltdi +l i m
i→α−
t
θt(i)[f(αt)Lt − ct] − 0
+Γt
£
αtf0(αt)Lt + f(αt)Lt − ct + c∗
t
¤
− δt (0 − c∗
t). (10)
Also, the ﬁrst order conditions imply that
θt(i)=
(
0 for i ∈ [0,αt]
δt = ΓtRt for i ∈ (αt,1),

















The equivalent to (11) in Cole and Stockman is their equation 24 at page 290, which we
reproduce here
θ(αt)f(αt)Lt + Γtαtf0(αt)Lt =0 . (CS-24)
Clearly, several terms included in (11) are missing in their equation. Still, the interpretation of (11)
is straightforward. A marginal increase in the range of goods produced by the household from αt






T h e r ei sa ni n c r e a s ei nu t i l i t yo f(U(ct) − U(c∗
t))dαt because of the increased consumption of the
home produced good, and also a decrease in utility of Lth0(αtLt)dαt due to higher labor eﬀort, for a
given per good labor eﬀort Lt. On the other hand, the same marginal increase in the range of goods
4produced by the household has the following net impact on the household’s budget constraint:
£




The term f(αt)Ltdαt captures the increase in production and the term αtf0(αt)Ltdαt captures the
decrease in production, due to the reduction in specialization, so that [αtf0(αt)Lt + f(αt)Lt]dαt is
the net impact on production. In addition, [−ct +( 1+Rt)c∗
t]dαt is the net impact on purchases.
The household saves (1+Rt)c∗
tdαt and increases consumption by ctdαt. Equation (11) sets the net
impact on instantaneous utility equal to the net impact on the budget constraint.
If Rt =0 , then there would be no discontinuity in c(i) and, consequently, the ﬁrst order
conditions derived in Cole and Stockman would be correct. Indeed, (11) above would reproduce
their equation 24. But this would be a limit situation, not the generic one.
3 Applications
3.1 Welfare Cost of Inﬂation
As mentioned above, we came upon the mistake in Cole and Stockman’s paper while trying to show
one result, which is stated in the Claim 1 below. We state and prove it, using our equation (11).
We have not been able to show it using their equation 24.
Claim 1 Deﬁning the welfare cost of perfect foreseen inﬂation as the income that should be given
to the household in order to compensate her for the harm caused by inﬂation, then if inﬂation is
the unique distortion in the economy, the welfare cost of inﬂation is exactly equal to the area under
the inverse compensated money demand function.
This result is shown to be very general in Pessôa (2003). In fact, there it is shown that the result
holds for a broad variety of monetary models, including the Sidrauski and the cash-in-advance
models.





βt [αtu(ct)+( 1− αt)u(c∗
t) − h(αtLt)],





























From the market equilibrium equation we know that
αtct +( 1− αt)c∗
t − αtf(αt)Lt − et =0 ,
where et is an endowment that is going to be the measure of the welfare cost of inﬂation (that is,
if inﬂation increases this endowment has to increase in order to compensate the household for the


























































































If the household is compensated, then we must have
dV (R)





















Since there is no capital in this economy, there is no dynamics after a change in the nominal interest















where m =( 1− α)c∗ due to the cash-in-advance constraint. Integrating de
dR gives










where 1+ρ = 1
β.S i n c ex(m) is the compensated money demand, we are done.
3.2 Overbanking
C o l ea n dS t oc k m a na l s oe x t e n dt h e i rm od e lt oi n c l ude an alternative transactions technology (ATT),
which captures any form of payment other than money (like credit cards for instance). We can
think of it as representative of the services provided by a banking sector to help the individuals cope
with inﬂation. There is a cost σ(x) of acquiring x units of output through ATT, where σ(0) = 0 and
σ is strictly increasing and convex. Let zt(i) be the number of goods of type i that the individual
















The ﬁrst-order conditions reported in their paper for the extended model also overlook the
discontinuity in the consumption proﬁle. It is possible to redo their computations, and then follow















where τ is any purchase tax. In particular, if τ is a tax on the ATT and if the introduction of this
tax increases money demand equation (15) says that there is overbanking. A tax discouraging ATT
increases utility by increasing money demand. Note that this result does not depend on the nature
of the impact of τ on variables other than money demand. It is likely that the introduction of τ
generates other distortions that aﬀect welfare. Equation (15) shows that these eﬀects are negligible
at ﬁrst-order.
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